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Phegavi ta t iona l  radiation from a spinning e l l ipso id  
and a spinning e l l i p s e  of uniform density is calculated. 
Upon comparison, t h e  numerical coeff ic ients  a r e  found to 
be smaller than t h a t  for a spinning rod. 
vanishes when t he  el l ipsoid and the  e l l i p s e  a r e  reduced t o  
a spheroid and a c i r c l e  respectively. 
mass of uniform dens iky  bound by i ts  gravi ta t ional  fieLd may 
be shown to be unstable against  bifurcat ion i n t o  an ellip- 
soid i f  t he  period of ro ta t ion  is shor t  enough. 
radiat ion can d iss ipa te  the  angular momentum when bifurca- 
t i o n  takes place. The calculat ion is used t o  estimate t h e  
ener,gy loss rate of 'a collapsing neutron star. 
shown t h a t  t h e  relaxation time for diss ipa t ing  angular 

Radiation power 

A c l a s s i c a l  ro ta t ing  
' 

Gravitational 

It is 

_- ~ltlar is around one second, ?- I, INTRODUCTION 

studying the weak-field solut ions of t he  general r e l a t i v i s t i c  , b 
f i e d  equation 

i 

where s,, 

R,, the R i c c i  curvature tensor and t h e  curvature sca la r  R = g 

is t h e  m e t r i c  tensor, TI,,, -the stress energy tensor, 
.I .* 

Rcrc, 

1,2 Einstein proposed the  existence of gravi ta t iona l  wave and calcu- 

la ted  t h e  radiated pawer from a uniform rod of length 2a spinning 

a t  an angular velocity CJ t o  be 

I n  t h i s  paper we s h a l l  present a calculat ion of t he  g rav i t a t iona l  

rad ia t ion  of a spinning e l l ipso id  of uniform density. 

t h a t  a spinning, nonre la t iv i s t ic  self-gravi ta t ing body of uniform 

densi ty  may bifurcate i n t o  an e l l i p so id  (Jacobi-ellipsoid) .3 

It is known 

. 
I 
I 

It has. 
. /  

beem suggested that such a bifurcation process may cause t h e  angular 



momentum of a collapsing star t o  be dissApated by emitting gravita- 

tional radiation, 4 

11, CALCVLACPIOM 

A a s d n g  a weak f i e ld ,  we.can write the metric as Lorentz 

. /  - 
T h e n p  f i e l d  equation is reduced to  

I 
with the supplementary condition 

By analogy to t@ect&ynamice, the solution of Bq. (5) can be s h m  

to be 

a t  large distance r, where the prime refers t o  the coordinates of the 

spinning ell ipsofd. 

The stress energy tensor satisfies, to  a first approximation, 



I -  

t h e  conservation l a w  

I I (9 I 

Mu1 iplying the  last equation by x i and integrat ing by parts, 9' 
neglecting the surface t e r m  which vanishes a t  i n f in i ty ,  we obtain 

Multiplying Eq.(8) by x%cj and integrat ing by parts, neglecting the 

surface term which vanishes a t  i n f in i ty ,  we obtain 

'r: L j  Combining W s .  ( 7 )  # (10) 8 and (11) # we f ind an expression for 

The uniform ellipsoid x' 2 2  /a + y' 2 2  /b + zg2/c2 = 1 w h i c h  lies a t  

t = 0 with the  x'-axis along the  space x-axis, spins  with an 

-(I angular veloci ty  cd about t h e  z-axis. Applying Eq, (12) to t he  

i i q  : e l l i p so id  under consideration, we obtain an expression for 



k 
where M d t h e  total mass of the el l ipsoid,  

the res 'of rY;,.* 
Similarly, we' obtain 

A 
i 

/ \ 

. _  The supplementary condition as given by Eq.(2) w i l l  give us the 

remaining elements of 'f' , 
P@ 

* .  
, 
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where we have dropped term of higher inverse powers than rol s ince  

these  terms do not contribute to  radiation power across the  surface 

of an i n f i n i t e  sphere. 

! 

I 
I 

- 
Similarly, we obtain I 

. .  



- . 
* The t o t a l  f l o w  of energy across an i n f i n i t e  sphere per second is 

simply given by 

t 
t 

-__.. .- . .  
I 

w h e r e ‘ w e  h&ve restored the gravi ta t iona l  constant G and speed of 
i ; ‘  

l i g h t  ./ ’ 
e l l ide  x /a + y2/b2 = 1, spinning about the  z-axis a t  an angular 

vel&ty 

_--- - - - - 

s.f a similar calculat ion is carried out for a two-dimensional 
I ’  

2 2  
1 

, we find. t he  radiat ion power t o  be 
I 

i 

111. DISCUSSION 

When the  apinning body is axia l ly  symmetrical (a  = b), it 
\ 

w i l l  not rad ia te  gravi ta t ional  energy as  shown by expressions (14) 

and (15). Furthermore , the numerical coeff iecient  for  a spinning 

rod is t h e  la rges t  w h i l e  that  f o r  a sphn ing  e l l ipso id  is the . smal les t ,  

These are consis tent  ;wi th  the usual conception t h a t  the  grav i ta t iona l  
_ _  - --- ----- 

I 

_ _ _ _  -- -- I . -- - ’ 
rad ia t ion  depends on the  ‘geometry of t h e  spinning body,! 

- - - - _ _  
_.----- ---- .-A - - - ---I__-_ 

I n  order t o  estimate the time sca le  of a neutron s t a r  fo r  

energy lo s s  i n  t h e  form of gravi ta t ional  readiat ion,  we apply 

\ 



4 .  

c -- - i ' .  

expression (14) t o  a rotat ing ellipsoid of uniform density. 

a/b and G 8 we assign those values corresponding t o  bifureat ion 

as salculated by Darwin'' using classical hydrodynamics 

To 

w h e r e  R3 = abc. 

The potential energy of an ellipsoid is of t he  same order as I 

Subst i tut ing Eq.(163 in Eq.(14) and dividing U by P, we obtain a 

rough estimate of the time scale 

CL .- I (2J'- .I 
13 '* 

I " -  P 4 G  

Subst i tut ing Eq.(17) i n t o  Eq.(19), we obtain 

For a neutron star of uniform densi ty  j' = lo1' gm/cc spinning 

a t  a frequency corresponding to ' b i fu rca t ion  the  time scale is esti- 

mated t o  be of t h e  order of one second. As 7 is related t o  by 



- * 

time scale w i l l  be increased by a factor of lo6 i f  the spinning 

rate is reduced t o  one tenth of the frequency corresponding to 

bifurcation. 

A- 

I would like to thank Dr. Bong-Yee Chiu for suggesting the 
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